GLOBAL MINIMIZERS OF COEXISTENCE FOR COMPETING 

SPECIES 



Monica Conti 

Politecnico di Milano - Dipartimento di Matematica "F. Brioschi" 
Via Bonardi 9, 20133 Milano, Italy 

Veronica Felli 

Universita di Milano Bicocca - Dipartimento di Matematica e Applicazioni 
Via Cozzi 53, 20125 Milano, Italy 



Abstract. A class of variational models describing ecological systems of k species 
competing for the same resources is investigated. The occurrence of coexistence in 
minimal energy solutions is discussed and positive results are proven for suitably 
differentiated internal dynamics. 

1. Introduction 

This paper is focused on a class of variational problems suitable for studying the 
dynamic of segregation of k organisms which share the same territory C M N . 
Calling m the density of the i-th population and F{(ui) its internal potential, the 
free energy of the system is 

(1.1) S(u 1 ,U2,...,u k ) = y^y Q|Vt(i(x)| 2 - Fi(ui(x))jdx, 

given by the sum of the internal energies of each species. In this context, the question 
of finding a global minimizer of the energy in the class of segregated states arises in 
a natural way. More precisely, if we define 

U = |[/ = (ui, U2, . . . , Uk) £ fc : Uj > 0, m ■ Uj = if % 7^ j, a.e. in f2 j , 

we are led to the following optimal partition problem: 

(1.2) finding U G U such that £(U) = mm£(V). 

V&A 

This problem has been recently settled in [7], in connection with strongly competing 
variational systems of Lotka-Volterra type 

(1.3) - Auj = fj(uj) - xu i y j v%, in $7, 

which, since the pioneering work of Volterra, constitute one of the most studied 
theoretical models of population ecology, see [14]. As a matter of fact, as the com- 
petition rate x grows indefinitely, the components of any (nonnegative) solution of 
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the system tend to separate their supports, leading to an element of U; in particu- 
lar, the problem of finding minimal energy solutions of (1.3) formally translates, as 
x — > oo, into (1.2), see also [6, 8, 11]. 

In the understanding of the spatial behavior of interacting species, a central prob- 
lem is to establish whether coexistence of all the species occurs, or the internal growth 
leads to extinction, that is, configurations where one or more densities are null: in 
this paper we address the question in the two different theoretical settings, endowing 
the models with null Dirichlet boundary conditions: 

(1.4) Ui = on dU, i = l,...,k. 

At a first insight, extinction has to be expected for competing systems which are, 
in a sense, too uniform. For instance, in the case of null Neumann boundary condi- 
tions, the global minimum of £ on IA is in general achieved by configurations where 
only one species is alive, see [5, Proposition 2.1]. Nonetheless, a mechanism to avoid 
extinction can be found in the spatial inhomogeneity of the territory. Indeed, work- 
ing in a special class of non-convex domains close to a union of k disjoint balls, the 
existence of local minima of E where all the species are present is proven in [5], (see 
also [4]). 

As a matter of fact, if the internal energies fi are not differentiated, extinction of 
global minimizers under null boundary conditions occurs in any domain, see Section 
4.1: 

Theorem 1.1. Let £1 be a bounded Lipschitz domain and f be a Lipschitz continuous 
function. If fi = f for all i = 1, . . . , k and -Fj(s) = J'q fi{t)dt, then any global 
minimizer of £ onlA H Hq(Q) has at most one nonzero component. 

This motivates the question whether different internal laws might produce a mech- 
anism to ensure coexistence. With the aim of providing a first answer to this con- 
jecture, in this note we consider the special situation when the internal energies fi 
are of the same type but act at different density scales, see assumption (2.2). 
We first investigate global minimizers for systems in the form (1.3), namely solutions 
of the energy minimization problem 

min j (tii, u 2 ,...,u fc ) G [H 1 (n)] h : 

[ (h^Ui{x)\ 2 - Fi( Ui {x))\dx + ^K^2 Ui (x) 2 Uj (x) 2 \. 
1=1 J Q ^ ' i,j=l J 

We prove in Theorem 2.1 that any global minimizer is a coexistence state of (1.3) 
where all the k species are present, provided the internal growths fi of k — 1 pop- 
ulations act at a small density scale, depending on x. This is done with a great 
deal of generality both with respect to the domain and to the competing interaction 
term appearing in (1.3), see (H1)-(H3) below, but the dependence of /j's on x does 
not allow recovering a meaningful coexistence result for the corresponding optimal 
partition problem (1.2), see Remark 2.2. It is worth pointing out that the investi- 
gation of positive solutions to competitive systems in the case of k > 3 densities is a 
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challenging task and only partial results are known, see e.g. [4, 5, 6, 9, 10, 12] and 
the discussions therein for more references. 

To investigate the possibility of coexistence for solutions to the optimal partition 
problem (1.2), following an idea developed in [16] to show the existence of sign- 
changing solutions to some elliptic equations, we focus on a certain class of (possibly 
convex) domains characterized by the presence of an angle. In this framework we 
prove, in Theorem 2.3, that any global minimizer of £ among segregated states has at 
least two nontrivial positive components. Although the result is not exhaustive for an 
arbitrary number of species, for systems of two populations it allows us to provide the 
full picture of the coexistence phenomenon (Theorem 2.4). Namely, we first prove 
that any minimal solution of system (1.3) with k = 2 is an equilibrium configuration 
where both the species are present, provided the scales of their internal energies 
are different but independent from the competition rate x. Hence we perform the 
asymptotic analysis as x — > oo and prove that both components survive as the 
interspecific competition becomes larger and larger. As a result, any minimal state of 
system (1.3) converges to a spatially segregated distribution where the two densities 
coexist and solve the optimal partition problem (1.2). 

In conclusion, our results suggest that in ecological systems with strong com- 
petition between the species, suitably differentiated internal energies may ensure 
coexistence in minimal energy configurations. 



2. Assumptions and main results 

Let k > 2, e = (e 2 , . ..,£*.) G (0,l) fc_1 , A > 0, k > 0, and Q. be an open bounded 
set in M, N (N > 2). We shall consider a class of competitive systems of the form 

{OH 
-Aui{x) = Xfi, £ (ui(x)) - x—(u 1 (x),u 2 {x),... ,u k (x)), in $7, 
OUi 
UiEH^Q), i = l,...,k, 

where /j e and H satisfy the following sets of assumptions. 

Assumptions on /j )S . Let g G C°(R) satisfying 

(Fl) g(s) = for all s G (— oo, 0] and g is right differentiable at with g' + (0) = 1; 
(F2) there exists f3 > such that 

g(t) < for all t > /3 and g(t) > for all t G (0, /3); 

(F3) Jq g(s)ds = a > 0. 

A typical example is given by the classical logistic nonlinearity (see e.g. [9]), namely 
g(s) = s — s 2 for s > 0. We set 

{g(s), if i = 1, 

»« = '•■••.*■ 

It is immediate to check that, for all i > 2, satisfies 



(2.3) f i>£ (s) < for all s > ft, ( % f i>£ (s)ds 

Jo 



a 
~k' 
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where, for i > 2, /3j = For the sake of convenience, we shall refer to /3 as (3±. 
Assumptions on H. Let H G C 1 (M k ) satisfy, for all (si, S2, • . • , Sfc) G M fc , 




Figure 1. The nonlinearities /j. e in the case g(s) = s — s 2 with 
k = A ande= 



(HI) fl-(si, 82 ,...,8fc) > 0, 

OH 

(H2) Si— (si,s 2 , > for all i = 1, . . . ,k, 

OS; 



(si, S2, • • • , Sfc) = implies that either si = or Sj = for all j ^ i. 



H(si, S2, ■ ■ ■ , Sfc) = if Si = for at least k — 1 variables, 

as. 

The first assumption states the competitive character of the interaction term; a 
typical example which fits all the above assumptions is 

k 

(2.4) H( Sl ,s 2 ,...,s k ) = ^Yl s 2 sl 

»,j'=i 

which is widely used in modeling population dynamics, nonlinear optics (see e.g. 
[1, 13]), and Bose-Einstein condensation (see [3, 15, 17]). 

Setting Fi t£ (t) = J * fi :£ (s)ds, we define the internal energy of the system 

: [HoW "> (-00,00] 

MS 

k 

(2.5) /*'*(«!,..., u fc ) = £jf QlV^^p-AF^^^))^^ 

+ x / if(ni(x),u 2 (a;), . . . ,Uk(x))dx. 
Jn 

Our first result states that the global minimizers of I £ ' x are configurations of 
coexistence if the range e of the internal growths of k — 1 species is suitably related 
to A and x. 
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Theorem 2.1. Let g £ C°(R) safe/y (Fl-3), H £ C^R*) safe/?/ (H1)-(H2), and 
ft C R^ be a bounded domain. There exists Xq > suc/i that, for every X > Xq and 
k > 0, i/iere erfete £\ tK > witt t/ie following property: for all e £ (0, £A,x) fe_1 ; 
i/ie competing system (2.1) with f^ e as in (2.2) has a solution U = {v,\ , . . . , u^) £ 
[i/p satisfying 

(i) iij ^ for all i = 1, . . . , /c; 

(ii) < Ui < fii for all i = 1, . . . , k; 

(iii) U is a global minimizer of Ie' K , namely 

I$*(U) = min {l^(V), V £ [1*3(0)]*} ■ 
Furthermore, depends on the ratio A/x and tends to if Xj x — > 0. 

Some remarks are in order. 
Remark 2.2. 

a) It will be clear from the proof how e\ -H depends on the data of the problem, 
see (4.8). For instance, for the Lotka-Volterra model in a ball, H as in (2.4) and 
g{u) = u — u 2 , we can choose 

2 1 A 

b) If the interspecific competition rate x grows (at A fixed), then every £j becomes 
smaller and smaller. Hence by (ii) we learn that k — 1 components annihilate uni- 
formly in 0, implying that in the limit configuration as x — > oo only the first 
component is alive. 

Concerning the optimal partition problem stated in the introduction, we shall 
focus on a special class of domains. 

Description of the domain. Let O C M. N , N > 2, be a bounded Lipschitz domain 
with £ d£l such that 

(Dl) ft CT, where T = jx = (x lt x 2 , . . . , x N ) £ R N : m\JY*L 2 ~x\ < x ± < l\ 

and m > 1; 
(D2) there exists 5q £ (0, 1) such that 

sti = {x e r n : 8~ x x £ o> c n, 

for every 5 £ (0, do). 

Theorem 2.3. Let g £ C°(R) satisfy (Fl-3) and Q be a bounded Lipschitz domain 
satisfying (Dl-2). There exist Ao > and Eq > such that, if e £ (0,£o) fc_1 an d 
A > Ao, then every global minimizer of 

£*( Ul ,...,u k )=J2f n Q|V^(x)| 2 - XF iie (ui(x))^dx 
onlA n Hq (ft) has at least two nonnegative and nonzero components. 
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Figure 2. An example of domain QcR 2 . 

In the case of two species we have a better understanding of the phenomenon. 
In particular, we establish the link between limit configurations of system (2.1) as 
x — > oo and solutions to the optimal partition problem. 

Theorem 2.4. Let k = 2. Let g £ C°(M) satisfy (Fl-3), H £ C 1 ^ 2 ) satisfy 
(Hl-3) and Q be a bounded Lipschitz domain satisfying (Dl-2). There exist Ao > 

and £o > such that, if e £ (0,£o) fc_1 and A > Ao, then the global minimum of L^'* 
is achieved for all x > and every global minimizer is a nontrivial configuration 
(nf , U2) with both uf > 0, uf ^ 0, i = 1, 2. Moreover, for every fixed e £ (0, £o) fc 1 
ami A > Ao, i/iere exists ?7 = (iti,«2) £ [-^o(^)] 2 such that 

(1) u<# for i = 1,2, 

(2) U = ( Ul ,u 2 )eU, 

(3) U is a global minimizer of onlA n ^(fi), 

and, up to subsequences, uf converges strongly to Uj in .ff 1 ^). 

3. Preliminary results 

Let be a bounded open set in and g £ C°(R) satisfy (Fl-3). For every 
A > 0, £ £ (0, 1)* -1 , and i > 2, let us define Jf, J A £ : i^(fi) -»• (-00, +00] 

JlA(u) = X (^ Vu ^| 2 " A /" (X) ^ds^dx, 
4 >e (u) = J Q|Vn(x)| 2 - XF i)£ ( U (x)))dx. 

If A > Ai(fi), with Ai(O) being the first eigenvalue of the Laplace operator with null 
Dirichlet boundary conditions, it is easy to prove that the infima 

m\ := inf { J^n), u £ H^tl)} , := inf { J A £ (n), u £ 

are achieved and any minimizer is a positive weak solution to the elliptic equation 

— An = \fi t e(u), in Q, 
u £ H^{Q), 
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see e.g. [2]. 

Lemma 3.1. There hold 



m\ — — ckA|0| , lim A l m\ = — a\fl\, 

if £ > -X^\fl\, lim A _1 m A 

k A->+oo h£ k 



m? £ > -X T \fl\, lim X~ L mf e = - r \Q\, i = 2,...,k, 
where \ ■ \ denotes the Lebesgue measure in M> N . 

Proof. We prove the result for mf £ , i > 2; similar computations hold for m\. By 
(2.3) we have 



J a (^£ {X) fi,e(s)ds^J dx > -A^|n| 



We are left to show that for any 5 > there exists cj) £ ^o(^) sucn that 

lim (<(>)< -?:\n\ + 6. 

X— >oo K 

Let <p G ^o(^) such that </> > a.e. in fl and </> = fij\[k on a set fl' C fl satisfying 
> - 5. Then 

for some C > 0, and the result follows for A large. □ 

According to the lemma above, we define Ao as the smallest positive number 
which is greater than Ai(O) and for which the following inequality holds 

(3.1) X^ml < -a|n|fl - -^Y VA>A . 

Lemma 3.2. Let H G C 1 {R k ) satisfy (Hl-2). Let (u x ,.. .,u k ) be a weak [H^(fl)] k - 
solution of the system (2.1). Then 

< Ui{x) < /3i, for a.e. x G fl and all i = 1, . . . , k. 

Proof. Testing (1.3) with —u~ and using (Fl) and (H2), we obtain that U{ > a.e. 
in fl for alH = 1,2, ... ,k. On the other hand, by testing (1.3) with (it, — /3j) + and 
using (2.3) and (H2), we deduce the required inequality. □ 

Lemma 3.3. Let fl be a bounded Lipschitz domain satisfying (Dl-2). If u G fL\(f£) 
weakly solves 

—Au < Xg(u), in fl, 

then, for a.e. x G fl, 

u(x x , . . . , x N ) < 7 ( x\ - m 2 ^2 x l) ■ 
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Proof. Let us denote the right hand side of the inequality by u(x±, . . . , xn). By 
simple computations, noticing that u is nonnegative on the boundary of T and 
C T, it is easy to verify that 

{— A(n — u) > A max[ 0j/ g] g — Xg(u) > 0, in Q,, 
u — u > 0, on dfl. 

Testing the above inequality with — (u — u)~ we deduce that u(x) < u(x) for a.e. 

x g n. □ 

4. Proof of the main results. 

4.1. Proof of Theorem 1.1. For U G U, let £(U) be defined as in (1.1) with 
Fi(s) = Jq f(t) dt for all i and let 



(M= inf / (\\Vu{x)\ 2 -F 



(u) I dx, 



By taking fc-tuples of the form (u, 0, . . . , 0), we realize that 

inf S(U) < Li. 

Assume there exists a minimizing A;-tuple V = (v±, . . . , v^) G IA n //q (0) and define 
V" = (uj, . . . , Ufc) where v\ = t>j and = for all i > 1. Then 

H > £(V) = £{V) = Q|V«i(x)| 2 - F{v x {x))\dx > (i 

implying in particular that v\ is a weak solution of — Au = f{u) (see e.g. [2]). By 
the Strong Maximum Principle, we deduce that either v\ = (and then v % = for 
all i = 1, . . . , k) or i)i(x) > for a.e. i£(] and then k — 1 components of F must 
be null. 

4.2. Proof of Theorem 2.1. Let Ao as in (3.1) and, for every fixed A > Ao, let us 
consider the minimization problem 

A= inf I*'*(U), 

where Ie' x : [i^Q — > (— oo,+oo] is defined in (2.5). 

Step 1. A is achieved. We first observe that, by (HI) and Lemma 3.1, 

for all U G [-Hq (f2)] fc , hence A > — oo. Let {V n = (v™, . . . ,^)} ngN be a minimizing 

sequence, i.e. lim n _> +00 Ie ,K (V n ) = A. Notice that we can choose V n such that 
vf > a.e. in fi for all i = l,...,k; otherwise we take ((v") + , . . . , (v^) + ) with 
(v™) + := max{vf, 0}, which is another minimizing sequence. Indeed, in view of (2.3) 
and (H2), the function t \— > H(s\, . . . , Si-i, t, Sj+i, . . . , Sfc) has a global minimum in 
t = thus yielding H(vf,...,v^) < H(v i, . . . , v^). Besides, since the function 
1 1 y H(si, . . . , Sj_x, t, Sj + i, . . . ,Sfc) is non decreasing in (0, +oo) from (F2) and (H2), 
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letting U n = ... with = mm{v?, ft}, we have that I^{U n ) < I^{V n ). 
Then also {kn} ngN is a minimizing sequence. 

Since {^n.} ngN is a minimizing sequence and it is uniformly bounded, it is easy 
to realize that {C/ n } ngN is bounded in [i?Q(fi)] fc ; hence there exists a subsequence, 
still denoted as {kraj^g^, which converges to some U = (u±, . . . , u^) G [^(fi)]^ 

weakly in [i7o(fi)] fe , strongly in [L 2 (fi)] fe and a.e. in fi. A.e. convergence implies 
that < Ui < /3i a.e. in fi. Prom the Dominated Convergence Theorem, it follows 
that 

lim / Fi e (uf(x)) dx = / F{ e (ui(x)) dx, for every i = 1, k, 
n-*+°°Jn ' Jn ' 

lim / H(ui(x), . . . , u2(x)) dx = / H(u\{x), . . . , u^ix)) dx, 
n - > +°° Jn Jn 

which, together with weak lower semi-continuity, yields 

A < I^ K {U) < lim inf/ £ A ' x ([/ n ) = lim I^ ,K (U n ) = A, 

n— >+oo n— >+oo 

thus proving that U attains A. 

Step 2. If U = (u\, . . . , Uk) is a minimizer attaining A, then 

(4.1) m ± 0, and JjVi) < -^M < 0. 

2k 

Indeed, letting u € Hq(Q.) such that m\ = J^(u), we have 

A<I^(u,0,...,0) = J${u)=m\. 
Besides, appealing to Lemma 3.1 we learn that 

,k-l 



i=2 i=2 

Since A = I$>*(U) > J^(«i) + T,i=2 J ?,e( u i) h Y ( H1 )> choosing A as in (3.1) we 
finally have 

Ji( u i) < m\ - y: JtsWi) < (l - 1- - = < o, 

i=2 

thus proving the estimate in (4.1), which in particular ensures u\ ^ 0. 

Step 3. If U = (u\, . . . ,Uk) is a minimizer attaining A, then Ui ^ for all i = 
1, . . . , k. We already know by step 2 that u\ ^ 0. Moreover, by standard Critical 
Point Theory, U = {u\, . . . ,ut) is a weak solution to (2.1), and hence, by Lemma 
3.2, < Ui(x) < fii for all i = 1,. . . ,k and a.e. x G fi. Assume by contradiction 
that 

(4.2) Ui = for some i > 1. 

Let us fix xq G fi and r, i? > such that B(xq, r) C fi C -B(0, i?) and define 

lUj(z) = -^iti(ei _1 (x - xq)). 
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Notice that W{ G H{j(Ai) where 



x G 1^ : G n 



Si 



Moreover \Ai\ = s^\Q\ and A4 C B{xQ,REi), which implies A4 C fl if Ej < In 
particular u>, G -ffg(r2) if £j < Jj. From Lemma 3.2, 



(4.3) 
Since 



< Wi(x) < — ^ for a.e. 3; G i;. 
V 



u>;(x) 



fi,e(s)ds 



g{^fke i 1 s)ds = - 



ui(e i 1 (x-x )) 



g(t)dt, 



from (4.1) it follows 
(4.4) Jfjwi) = 



\V Wl (x)\ 2 -X 



1 

2k- 



X — Xo 



A: 

-N 

'i tA 



f i)£ (s)ds jdx 

«i(a;) 



g(s)ds I cZx 







-7- / dV«i(z)r-A / )dx 







Jf («i) < -e 



iV 



a \\n\ 



We now claim that, letting 

W = (Ui, . . .,Ui-i,Wi,U i+ l, . . .,u k ), 
there holds Ie' K (W) < I?"(U) provided Ei is small enough. Indeed 

(4.5) I*>*(W) - I$*(U) = 4 j£ (wi) + x I' {H(W(x)) - H(U(x))) dx. 

J A, 

From (H2) it follows that the function t h-> H(si, . . . , Sj_x, t, Sj+i, . . . , s k ) is non 
decreasing in (0, +00), hence, in view of (4.3), 

(4.6) < H{W{x)) - H{U{x)) 

= H(ui(x), . . . ,Ui-l(x),Wi(x),U i+ i(x), . . . ,u k (x)) 

- H(u\{x), . . . ,iH-i(x),Q,Ui+i(x), . . .,u k (x)) 
Pet 



< h(ui(x), . . . ,m-i(x), -^=,u i+ i(x), . . . ,u k (xfj 



Vk' 

- H(u\(x), . . . ,Ui-i(x),Q,u i+ i(x), . . .,u k (x)). 

Since the restriction of H to the cube [0,/3] fc is uniformly continuous, it admits a 
modulus of continuity, i.e. there exists a function u : [0, +00) — > [0, +00] such that 
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lim t ^ 0+ w(t) = and \H(X) - H(Y)\ < u(\X - Y\) for all X,Y E [0,/?] fc . Hence, 
from (4.6) we derive 



(4.7) < H(W(x)) - H(U{x)) < co 



VkJ' 



Combining (4.4), (4.5), and (4.7), we obtain that 



which is strictly negative if is small enough to satisfy 
(4.8) J fo) < aX 



This concludes the proof. 



4.3. Proof of Theorem 2.3. Let k>2 and A > A be fixed as in (3.1). 
Assume by contradiction that the minimum of £^ on U n Hq(Q) is achieved by a 
fc-tuple U = (ui, . . . , Uk) with only one nontrivial component. Reasoning as in (4.1) 
it is easy to prove that u\ ^ 0, hence we can assume Uj = for all j > 1; notice that 
u\ is in particular a global minimizer of J±. The strategy leading a contradiction 
consists in modifying u\ near the origin in order to create a new fc-tuple V €U with 
a second non- vanishing component and 

S X £ (V) < £ x e {U) 

for e small. To this aim, let <fi € C 2 (M) be a cut-off function such that < <j> < 1 
and 

<K') = 

Given 5 G (0, 5o) we set 

fls = {x e 9, : x\ < 5}, tt' s = {x e O : 6 < x\ < 25}. 

Let us define 

u\,s{x) = (p(5~ 1 xi)u 1 (x), 
which vanishes on £lg an d belongs to Hq(U) since, for x S &25, 

V«n(a;) = <5~V / (5~ 1 xi)ui(x)(l,0, ... ,0) + ^(J- 1 xi)Viii(a;). 




The growth of energy occurring when substituting u\ in the minimizing /c-tuple with 
u\s can be estimated as follows. Observing first that F±(uig) > by Lemma 3.2, 
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and F\(s) < Ts 2 for some T > by (Fl-2), we have 
4(u 1>s ) - J^m) 

<[ U\Vu hS (x)\ 2 -\V Ul {x)\ 2 ) dx + X f Fi(ux(x))dx 
Jn 2S z \ J Jn 2S 



< 



( -S^U'i^x^fulix) +5~ 1 (j3{5~ 1 x l )(l)'{5~ l x l )u l {x)^-u l {x) ) dx 
> g \2 dx 1 J 

+ TX u 2 (x)dx. 



'^25 

An integration by parts provides 
2 



dn' s 



1 



d f d 

<f)(8~ 1 xi)(j)' (5~ xi)ux(x) — — u\(x)dx = I (f)(5~ 1 xi)4>'(5~ 1 xi)— — u\(x)dx 

ox i ' J n > dxi 

4>{5~ l x\)(j)' \5~ 1 x\)u\(x) da 

(^'((T 1 ^)) 2 + (p^x^f^x^ulix) dx 

I u\{x)dxT + \{\W\\ 2 L ^ {R) + ||0"||lo°(]R)) / u\(x)dx 
JdW s d Jn' s 

<M [ u\{x)da + — [ u\(x)dx, 
Jdci> 5 o Jn' s 

for some M = M{cf)) > 0. Appealing to Lemma 3.3 we have that u\(x) < jx 2 < 47<5 2 
for all x G &25- Hence we have the following estimate: 

< |0 25 | Q^ 2 Af(4 7 «5 2 ) 2 + rA(4 7 ,5 2 ) 2 + i<T 2 Af(4 7 <5 2 ) 2 ^ 

+ h- 1 M\dn' s \ N ^ 1 (A 1 5 2 ) 2 

< C5 N+2 , 

for some C > 0. Now fix any i > 1, set 

(4.9) Vi(x) = ^j=ui{ei~ x x), 

and define V = . . . , Vk) where 

(4.10) vi(x) = u 1)Ei (x) = 4>(e~ l xi)ui{x), 

and Vj = if j ^ Notice that vi ■ vi = by construction, so that V € U and 
hence H(v\, . . . ,Vk) = by (H3). Besides, by the above computations with 5 = E{ 
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and arguing as in (4.4) to estimate J^ £ (vi), we have 

(4.11) s^(v) - £^{U) = j^vi) - Jftm) + JlM) 

which is strictly negative for small and provides a contradiction. 
4.4. Proof of Theorem 2.4. 

Coexistence. Let k = 2 and x > be fixed. Arguing as in the proof of Theorem 
2.1, we immediately obtain that the global minimum of 1^ ' K is achieved for all x > 0. 
Assume by contradiction that the global minimum of Ig' x on [ffg(f])] 2 is achieved 
by a pair of the form U* = (zx^,0) (recall that by (4.1) the first component of any 
minimizer must be nontrivial). Arguing exactly as in the proof of Theorem 2.3, we 
define a new pair V K = (v*, v%) by setting 

<(z) = ^O^lXOs), v$(x) = ^|uf (e 2 -1 aO, 

as in (4.10) and (4.9) respectively. Since uf and v% have disjoint supports, by (H3) it 
holds H(y*, v%) = and no interaction term appears in the evaluation of J £ ' X (P). 
Hence 

i^(v*) - #*(u*) = J^f) - J X A «) + J 2 A , e K), 

and estimating as in (4.11), we find that I e ' >t {y >c ) — Ie'^iU*) is strictly negative for 
E2 sufficiently small, a contradiction. Hence, if Ei is small enough, for any positive 
value of k the competing system (2.1) has a solution U K = (uf,u 2 ) with both 
nonzero components which minimizes the energy I £ ,H . 

Asymptotic analysis. Let A and e be fixed and consider U K = (uf , u% ) such that 

I$*(U*) = A.*= inf I*>*(U). 

The convergence of U H to a minimizer of ^onWfl Hq(Q) can be proven as in [5, 
Theorem 2.3], with minor changes. For the reader's convenience, we report some 
details. Notice first that evaluating I e ,i{ {U) for all U £ U annihilates the interaction 
term in light of (H3), so that 

(4.12) A" < mm{£^(U), U € U} =: c, 
hence we have 

, /-ft 

\\U x \\ 2 [H i m2 < 2A K + 2\Q\\Y^ / f t)S (s)ds <2c + 3\tt\\a. 

Then uf is bounded in Hq(CI) uniformly with respect to x, and there exists u-i > 
such that, up to subsequences, uf U{ weakly in Hq(Q) and uf(x) — > U{ for almost 
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every x as x — > +00. Let us now multiply the equation of uf times u* on account of 
the boundary conditions: then x j n u* , ) is bounded uniformly in x, giving 

OH 

Ui(x)— — (uf (x), u% (x)) dx — > 0, as x — > 00. 

By (H2) and the Dominated Convergence Theorem (recall that < uf < Pi) we 
infer that 

OH 

Ui(x)— — (ui(x) , U2(x)) = a.e. x £ £1, 
Oui 

implying in light of (H3) that u\(x) ■ u-2,{x) = and hence U = (u\,U2) £ U. Now 
notice that for x < x 1 it holds A* < A* < c, hence the following chain of inequalities 
holds: 



c > lim A" = lim I^ x {U 3t ) 

= limsup V{- f \Vu*(x)\ 2 dx - A / F i)£ «(x)) dx\ 
1 2 Jn Jn ' J 

+ x / #(uf (x),u% (x))dx 
Jn 

>limsupV{^ f \Vuf(x)\ 2 dx - A / F iiE « (x)) dx\ 

x-^>oo . = 1 [ 2 J 

>liminfV(- / \Vu*(x)\ 2 dx-\ / F e «0)) dx\ 
^ 1 2 Jn Jn ' J 

>^|^|V^(x)| 2 dx-A^F i)e (^(x))dx| = £ £ A (t/) >c. 

Therefore all the above inequalities are indeed equalities. In particular £^(U) = c, 
meaning that U is a global minimizer of £ A . 

Moreover, we learn that lim >r _j. +00 H^H^i^)] 2 = ll^ll^^)] 2 which implies that 
the weak convergence of U H to U is actually strong in [i?g(f2)] 2 . 

Finally, to prove that both the components of V are positive, we appeal to Theo- 
rem 2.3 in the case k = 2, ensuring that for £2 small any global minimizer of on 
U H [Hq{Q)\ 2 has two nontrivial components. 
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